G C0, we let f(x) = (l,axxx,a2x2,a3x3,...).
Then clearly if ||x|| Si 1, \\f(x)\\ 2i 1. (In fact, ||/(x)|| = 1, if \\x\\ 2i 1.) Thus/takes the unit ball in C0 to itself. That / is affine (i.e. that f(tx + (1 -t)y) = tf(x) + (1 -t)f(y)) is trivial. Next, notice that \\f(x) -f(y)\\ = max{|a"(x" -y")|} = aj\xj -yj\ , for some / and if x ¥= y, aj\xj -yj\<\Xj -yj\= max{|x"-y"|) = ||jc -y\\.
Therefore, since \\f(x) -f(y)\\ < IU -y\\ if jc ¥= y,/is contractive. Finally, suppose x = (xx, x2,...) is a fixed point of / Then xx = I, x3 = a2x2 = ax a2, x2 = axxx = ax, x4 = a3x3 = aia2a3, etc.
and these numbers are bounded away from zero by the way that the sequence ax, a2, ... was chosen. Thus, x is not in C0 and the proof is complete.
